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ogy between these craters and the developed criteria were at-
tributed to a diameter effect, which is now being studied.

Concluding Remarks

This study has indicated that the following four criteria can
be used to identify and distinguish meteoroid impacts from
low-energy impact damage in fused silica: 1) the ratio of av-
erage surface diameter to the depth of the deepest fissure, 2)
the percentage of the total surface area blacked-out because of
total reflection, 8) the cross-sectional profile, and 4) the surface
characteristics. By detailed examination of the features of
craters in fused silica, one can estimate the velocity at which it
was struck.
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Additional studies must be performed to determine the ex-
tent to which projectile diameter and density affect the cited
criteria. More data are needed in the 1.0-6.0 km/sec range,
as well as at velocities in excess of 10 km/sec. Techniques
must be developed to launch identical projectiles at all
velocity ranges.
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The temperature, stresses, and deformations in a melting plate are calculated. The tem-
perature solution is obtained by means of repeated use of the concept of penetration depth

with the heat balance approach.
of several other solution methods.

penetration depth are included to facilitate rapid calculations.

Its accuracy is measured by comparison with the results
Approximate, explicit solutions for melt thickness and

The mechanical response is

derived considering the material to be elastic-perfectly plastic with a temperature-depen-
dent yield stress decreasing linearly to zero at the melting temperature. For a plate free of
mechanical loading, elastically computed deformations are found to be fairly good upper-
bound solutions to those calculated including plasticity effects. An approximate method
of solution is presented for the determination of the mechanical response after peak loading
is attained. The phenomenon of plastic collapse of an edge-loaded melting plate is illustrated

in a sample problem.

Introduction

HILE considerable work has been done in recent years

on the calculation of melting rates and temperature
distributions in melting and ablation problems,i compara-~
tively little effort has been expended on analyses of the re-
sulting thermal stresses and deformations. The investiga~
tions that have thus far been carried out in this direction in-
clude the work of Rogers and Lee,* concerning the visco-
elastic behavior of an ablating sphere of polymethol meth-
acrylate, Sternberg and Gurtin’s® corresponding proof of
uniqueness of solution, Weiner and Boley’s® elastoplastic
solution for stresses in a solidifying slab, Schuyler and
Friedman’s’ elastoplastic treatment of an ablating heat shield
structure, and Tadjbakhsh’s® elastic dynamic analysis of the
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stresses in a half-space with a moving boundary. Numerous
papers have been written on hollow viscoelastic eylinders
with eroding inner boundaries, which relate to solid-pro-
pellant rocket motors, but thermal effects have generally
been neglected.

This paper presents a general approximate method for the
determination of temperatures, stresses and deformations in
a melting plate. Though the design of such plates has in the
past been based mainly on their primary function as heat
sinks, and has, therefore, generally neglected the mechanical
aspects, certain questions arise that may become important
with increasing sophistication of design. Among these
questions are the failure or cracking of the ablating layer,
the influence of structural deformations on the aerodynamic
characteristics, the possibility of using the ablating member
as a part of the primary load-carrying structure, and even
the eventuality of its possible repeated use in more than one
mission. Clearly such matters cannot be treated without
reference to the mechanical response, a treatment of which
indeed forms the primary purpose of the present paper.

In order to determine an analytical solution for stresses
and deformations in an ablating plate, it is first necessary to
establish the temperature distribution. This is done by an
approximate method, although, of course, numerous solutions
of this part of the problem have appeared in the literature.
The approach selected here is novel in that it repeatedly
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employs the penetration depth concept in order to simulate
the effect of any new surface disturbance (e.g., start of melt-
ing). In this way, accurate results are obtained not only for
the growth of the melt thickness, but also for the entire
temperature distribution, which is an essential requirement
if accurate stresses and deformations are to be found. Also
necessary for the ease of caleulation of the mechanical re-
sponse is the fact that this method (in common with the
other approximate approaches) yields results in a simple
analytical form; however, the present temperature solutions
also exhibit a smooth transition between the premelting and
postmelting regimes (i.e., continuous time derivatives of
temperature throughout the body at the time of start of
melting—a condition not generally satisfied by existing
approximate analytical solutions), and thus are in good
agreement with exact short-time solutions.

Upon completion of the thermal solution, the calculation of
the stresses and deformations is carried out on the basis of
the assumption that the material is an elastic-perfectly plastic
one, but with a temperature-dependent yield stress ¥. More
precisely, it is assumed that ¥ decreases linearly from a value
Yo at base temperature T, to zero at the melting tempera-
ture 7T',,. Though this assumption may be somewhat of an
oversimplification for typical re-entry materials, it is adequate
for the purposes of this paper, since it is generally valid for
(T, + Ty)/2 < T < T,—the temperature range of primary
concern. Thus,

Y(T) = Yo(T — I/ (T, — To) for T > T 1)
The von Mises yield eriterion is employed, or?
FS5, T) = 38585 — 3V (DI = 0 @)

where the Si;; = o5 — %owdi; represent the components of
the stress deviator.

The problem considered is that of a plate, whose geometry
is shown in Fig. 1.§ The resulting heat flow is one-dimen-
sional across the plate thickness; thus, the temperature T
satisfies (with thermomechanical coupling neglected and
under the assumption of constant thermal properties) the
equation

x0T ozt — DT/t = 0 (3)

where « is the thermal diffusivity. The heat input Q(f) is
taken to vary with time as a square pulse, namely,

0 t <0
QW) = (@ 0<t<it* 4)
0 1 <t

The constants ¢y and * can be adjusted so as to simulate
conditions encountered during atmospheric re-entry. The
ablated layer is assumed to be instantaneously removed.
This assumption provides a good approximation to the prob-
lem of an ablating solid under certain conditions of aero-
dynamic heating, as discussed, for example, in Refs. 10-15.
In developing numerical results, it was borne in mind at
all times that it was desired to develop an accurate but ap-
proximale approach and, for this reason, several simplifica-
tions of the problem were investigated and their accuracy
was assessed. In the temperature solution, the principal
simplifications are purely numerical, and involve the dimen-
sionless melt thickness S(r) and the use of the function F(r)
to obtain S(r). In the stress and deformation solution the
assumption of simultaneous elastic unloading is found aceept-
able. The permissibility of calculating deflections (but not
stresses) purely elastically (.e., the validity of the “strain-
invariance prineiple’”’.17) is examined.
§ The plate is taken to be circular for the caleulation of
stresses and deformations, but can be of arbitrary shape in the
thermal analysis.
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Fig. 1 Geometry of plate.

The present paper does not include, for the sake of brevity,
all details of the calculations, but only the equations essential
to an understanding of the solution and of the physical char-
acter of the results. Full details may be found in Ref. 18,

Temperature Calculation

The analysis presented here employs the heat-balance
integral and makes repeated use of the concept of penetra-
tion depth, introduced by Biot.!* Three different penetra-
tion depths are employed, each of which represents the depth
of penetration of a disturbance originating at the heated sur-
face, and appearing mathematically as a change in the
boundary conditions. Beyond this depth, heating of the
plate is unaffected by the particular surface phenomenon.
The three surface phenomena to be considered are: applica-
tion of the heat pulse, onsct of melting, and removal of the
heat pulse, occurring at times ¢ = 0, { = t,, and t = ¥,
respectively; they give rise to the penetration depths qo, ¢,
and g¢o, respectively. The form of the temperature solution
depends on the relative magnitudes of the various penetra-
tion depths, which in turn depend on the magnitude of the
heat input, as will subsequently be shown. The accuracy of
the solution depends, of course, on the form taken for the
temperature distribution,

The temperature satisfies the Fourier heat-conduction Eq.
(3) in the region s(¢) < x < h, where s(t) is the melt thickness.
Define the dimensionless variables:

0_2. _ v =30, _ kb=t okt (3)

TV Th s T e e P
S{r) = sit)/h

where T, 1s the melting temperature, and 7,, = «t./h%

Upon transformation to dimensionless variables, it is found
that

o/ot = (k/k*){0/or — [(1 — y)S/(1 — 8)]o/oy}
and
o2/oxt = {1/[h*(1 — 8)*1}0%/0p?
Equation 3 thus becomes

020/t — (1 — 8)8/dr + S — 8)(1 — 4)o8/dy = 0;
©®)
O<y<t; 7> —7n

The boundary and initial conditions, both in dimensional
and dimensionless form, are as follows:

T=T.onz=st),t>t;0=1ony=07>0 (7a)

Ka'T = —Q{) +pld§onx = s{t),t >0
o4 ~ S
az} = —QQ(]. - S)<1 - 27Q_;L> ony = 0, T> —Tn
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Table 1 Melt thickness and penetration depth in meltm{_ range
Heaﬁng - - - N T T e ) Tpi_)l’-(.);l.ll\dte expre‘z:mn
rate lnme perlod Equations for S(7) and qi(r) for S(7) and F(r)
30 4B —200 =)L~ 27 — (1 — 81 —q) X
Qu
1 =27 — (1 — 82 —1 =
[ L T U= S -1 =0 S = (+/7n P -2,
1— 27 — (1 —8)2
_ G 2Q0u _ L,
0<0<1 T 3 26# o 1 ( T T )7/1
S 2 N7y = Tn=
<5 < F o3l 1 — 27) — 2(1 — )2 -1 = ~ L
=1 <7 < 30 48300 - 20 — 201 — N2 ( ) 1=0 .
Qu ’()u poo 3 _ Qe o 3 Qu
20up+ 1 20n
S 2000 — 30 + 1 2 .
.;_7+:5[1f2‘ i ,,,]—;17‘5—1—S><
& T s 5 ) = )
1 g1 — 8)2
- [=- ] —a-sa-
DT TSm0 = ¢ L~ a0 X
a1l — 8 1 =0
1= (1 =1 = &)
0<+ <7, _
w=1 |:_ a1 - 8 :I 1 g — e ] B
g L1 — (1 — g0l — 8 0 T — (1 —qgn(l —8)
K
a -8 (1 - )
20u e
(6 + 7, )12 = F=1+4 - 07
G0 o= = B . _ G — 60 + 2
~ Tk w5
1< Q<20
S 202 — 3Q + 1
30 3-201 - 9|1 -2 - o -1 =8
Gt n[1-er S ]-0-sx
20 —3Q + 1 S = (/7"
— —_ 2, — — 82 AL — = ‘
et €7 < (1 - q [1 2 — (1~ ) i ] 1=0 }
Tqi=1 1 )(), _ 4() + 1 30 =1 ]”
1— 824 [1~27(175‘27 29 ]: Y S g
( )+ N T ) 5 60 20u
- (1 -2 60u
B 20 o= e = e 1
il (11Q — H(Qu + 1)
N 29002 — 30 ., 1 Ty T m
:s_'-+%|:1—27—0 ,»+1:]-—(1—s>'l>< 1’=,;(--_'---- )
=1 S 7 < 7* QOu ) . < N7y Tgi=1
(1_..‘:)_1=o _ %+ Qu
200 s
—— “
OSTST} (Rameas 1 <Q<2in0 <7 < 7, _q)
S z(_°‘:),r‘+1] 2
32 sl -2 = -z gl S G G
ot [ e - ) ~
1 Fo=1-20r
TES‘rST(]l_] (175')(1—(11)'(_)71=0
Q> 20 L ooy (1 - ;>
@Q 20u
P i_ (,,, TN
=1 ST (Fameas 1< Q< 2ing, o <7 < ) $NT T =
3 + ()H
ni
ZQM

% Tor large u:

oT _
oz
T =

$=0,0<t < tn; S=0,

where dots indicate differentiation with respect to 7, and the

=Qonz =ht>0; —

of
"y

ToO0<z<ht=00=00<y<l,r=—7, (7d)

two dimensionless parameters:

Q = Qo/ (2kTn);

have been introduced, where & is the thermal conductivity,
¢ the specific heat, and [ the latent heat of melting.

further notation

F(r) =

w=cT,/l

=901~ 5/2Qw]

will be found convenient later,

=0ony =1,7> —7n.

T <7 X0 (7e)

for smaller values of x, this limiting value of ¢ is greater than 2

For continuity of 07/dz at 2 = 0 and ¢ = £,, and nonzero
latent heat of melting,
(ds/dbt,, = 0 or S(0) = 0

If heating continues for a sufficient time, the plate will melt
completely at t = tu(r = 74), or s{ts) .= h. From Eq. (7h)
and (7¢), then,

(7o)
(10)

(ds/dt)tr = Qo/ (pl) (11)
(8) In dimensionless form this becomes
S(r) = 2Qu; S@ra) = (11a)

Th
¢ Integration of Eq. (6) over the thickness of the plate and use
of the boundary conditions (7) result in
©) 1
2Q — U_ Bg= 4 [(1 -8) f G(y,r)dy] (12)
dr 1]
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This equation represents an energy balance per unit area of
the plate, and will be used in lieu of the heat conduction Eq.
(6) in our approximate solution. Integration over time from
T = —7Tn gives

1+

20 + 1) = T E S + 11— 801 [ 0wy (13

This equation represents the balance of energy accumulated
from the time at which the heat pulse is initially applied,
indicating that part of the total heat applied after melting
goes toward overcoming the latent heat of melting, while the
rest is used in heating the plate; it will henceforth be referred
to as the overall heat balance. Prior to melting, Eq. (13)
can be simplified by setting S = 0. TFurther, the time of total
melting—computed when S(r) = 1—is given as

o= (1 4+ w/@Qu) — 7u (14)

Premelting Solution

In the premelting regime (—7,, < 7 < 0), let

_( 1 - 7/ 2 0< <q
b7 = Qg0 ( ) y<q 15)
0 p<ly<l1
Eq. (13), with 8§ = 0, then gives
g (1) = [6( + 7.)]¥? {(152)

This solution satisfies gs. (7), insures continuity of the first
spacial derivative of temperature throughout the body, and
is valid until either qo = 1 or 6(0,7) = 1, whichever occurs
first. From the first of Eqs. (15) it is clear that the occurrence
of one or the other of these possibilities will depend on whether
@Q is smaller or larger than unity. Thus, two cases arise, with
0<Q < 1and@ > 1, respectively.

When 0 < @ < 1,Eqgs. (15) are validin —7,, <7 < 74=1,
where 74,—1 is the time at which go = 1. In the time range
Te=1 <7 <0, we let

by,r) =1 — QU1 — 27) + Q1 — y)? (16)

This solution satisfies the heat equation identically, as well
as the start-of-melting condition 8(0,0) = 1. It is easily
seen that

Te=1=—(1~Q)/(2Q) and 7, = 3 — 2Q)/(6Q) (162)

On the other hand, when @ > 1, Eqgs. (15) are valid in
—7n < 7 < 0. Eq. (15a) and the condition (0, 0) = 1
then give

Tn = 1/(6Q a7

Postmelting Solution
Again, two cases arise. Consider first the heating range
0 <@ < 1. For short postmelting times, it is required that,
beyond the penetration depth ¢;, heating of the plate con-
tinue unaffected by the melting phenomenon. The tem-
perature distribution is thus of the form
1—Q0 —2r) + QU — 81 —y?+
x,r)  0<y<a
1—Q0 —21) + Q1 — 8)(1 — y)>?
a<y<l1

0(y,m) = (18)

where ¢1(0) = 0. Note that the undisturbed region of the
plate (g1 <y < 1) has a temperature distribution, with respect
to the dimensional thickness variable x, identical to that
before melting [Eq. (16)]. Stipulating temperature and its
spatial gradient to be continuous at all y, and satisfying Eq.
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(7a),
x,m) = Q@ — 2r — (1 = 8)7] (19

The unknowns S(7) and ¢.(r) are found by the simultaneous
solution of the two equations obtained by substituting Eqs.
(18) and (19) into the overall heat balance equation (13) and
the boundary condition (7b). These equations are presented
in Table 1 and, of course, arc valid only until the time at
which ¢, = 1, denoted by 74=1. For large values of Qu,
these equations yield

Ta=1= i 20

In the time range 74,=1 < 7 < 7%, where 7¥ is the time at
which the heat pulse is removed (provided this occurs before
complete melting), we let [see Eq. (9)]

0y,r) =1~ QF(r) + QF (1) (1 — y)* @n

This solution satisfies all three boundary conditions [Eqs-
(7a, 7b, and 7¢)]. The unknown S(r) is found by solving
the differential cquation resulting from the substitution of
Eq. (20) into the over-all heat balance equation (13), and
given in Table 1.

Consider now the second case; i.e., @ > 1. Since the heat
penetration at the start-of melting is not complete [¢o(0) < 1],
a portion of the plate (go < ¥ < 1) remains at the initial tem-
perature 6 = 0. Proceeding as in the previous case, the
temperature solution is found to be

6(y,m) =

(5 @@ =28 ( _y,>2 :
o wa s\ Ta) Y

| O0<y<aq

- @ =92 ( yy 22)
Cimamwa-o\ g

J n<y<g

LO G <y<l

In the region ¢, < y < 1, the temperature solution is identical
to that of Eq. (15) before melting. In terms of the dimen-
sionless y variable, ¢; [Eq. (15a)] becomes

0(m) = {60 + )] = SO/ — 8] (22a)

Continuity of 6 and 06/0y at all y and satisfaction of Eq-
(7a), result in

Yy, = 11 — Qgo2(1 — 8)2/{1 — (1 — (1 — S)}] X
I —y/q)* (23)

Once again, S(r) and ¢i(r) are found by the simultaneous
solution of the two equations resulting from the substitution
of Eqgs. (22) and (23) into Eqs. (7b) and (13), and the use of
Eq. (22a). These equations are given in Table 1, and are
valid until either go = 1(r = 74=1) or ¢1 = ¢{r = 7z), which-
ever occurs first. It is easily shown from the equations for
S, ¢, and go that, for large values of u, ¢ will completely pene-
trate the plate before ¢; if 1 < @ < 2. The two penetration
depths will become coincident at 7 = 7z if § > 2.7 Two
subcases are thus considered (i.e., 1 < @ <2and @ > 2).

When 1 < Q < 2, Egs. (22-23) are validin0 < 7 < 7g=1.
From Eqs. (17) and (22a), it is seen that

Te=1= (@* — 1)/(6Q) 24)

Considering the time ranger¢, =1 <7 < 74,=1, a solution which
is continuous with that of the previous time range at 7 =
Tew=1, and satisfies boundary conditions (7a) and (7¢) is as

T For lower values of y, this limiting value of @ will be greater
than 2.
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follows:
([, A 2Q* — 3G + 1
| — Q1 =2 — '4362\" +

Q0= - Q12 -

: q

E O0<y<aq
| . ~

- 2Q* — 3Q + 1

J;l - q [1_— or — 3@2——]

QU =820 -9 a<y<l

Substitution of this solution into Eqs. (13) and (7b) again
results in two simultaneous equations whose solution yields
S(r) and q:{r). These equations are given in Table 1, and
yield, for large Qu,

Te=1 = (=@ + 64 — 2)/(12Q? (26)

For the heating range @ > 2, Egs. (22-23) are valid in 0
< 7 < 7, or until the disturbance due to melting catches
up with that due to heating. Again, for large u, 75 can be
shown to be

s = 1/(2Q?) (27)

Beyond this time, only one penetration depth, denoted by
¢, exists, and the region ¢, < y < 1 remains unheated. In
78 < 7 £ Tg=1, 8 solution satisfying the same conditions as
those of the case for which 1 < Q < 2, is

f(l — y/q)?

O<y<q
0<y)7-) = 10

(28)
n<y<l1

The equations necessary to solve for S(r) and ¢;(r) are pre-
sented in Table 1, and result in

Ta-1= (@ ~ 1)/(2Q) (29)

for large values of Qu. _
In 74-1 < 7 < 7%, the solution for all @ > 1 is

0y,r) =1 = QF(") + QF(HL — )  0<y<1 (30)

This solution is continuous with that of Eqs. (25) and (28) for
1< Q < 2and Q > 2, respectively, and satisfies all three
boundary conditions (5a-5c) identically. Substitution of
Eq. (30), which is identical to that of Eq. (21) for0 < @ < 1,
into the overall heat balance of Eq. (13) results in a differ-
ential equation for S{r) which is different from that for the
lower heating range only because the expressions for 7,, are
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not of the same form. The equation for S(7) in this time
range is found in Table 1.

Comparison of Solution with Exact Short-Time
Solution and Other Approximate Solutions

The accuracy of the present solution is measured by com-
parison with the results of two other approximate methods2.21
and with the known exact short-time solution. The latter
is given in Ref. 18 and is derived by use of Boley’s embedding
technique.’® Neither this exact solution nor those obtained
from the methods of Refs. 20 and 21 will be repeated. It
suffices, for our present purposes, to present comparisons of
the results of the various approximate methods with each
other and with the exact short-time solution. This is done in
Figs. 2 and 3.

The propagation of the melt surface as computed by use
of each of the three approximate methods is shown in Fig. 2
for @ = 0.25and u = 2.25. The exact solution is also plotted
on this figure for short postmelting times. It is seen that
all three approximate solutions are in good agreement with
the exact solution for short times, and with each other over
the entire melting period. Curves of temperature vs time
are presented in Fig. 3 for various swfaces x/h. It is clear
that the use of the present approximate method results in a
solution that is in good agreement with the exact solution for
short melting times, and appears to be physically more
reliable than that obtained using the method of Ref. 20.

Temperature Solution upon Removal of Heat Pulse

Tt has been shown that, upon removal of the heat pulse at
7 = 7% no further melting will oceur.® Thus, for 7 > 7%,
the problem to be solved is that of a plate of constant thick-
ness, insulated at both faces, and subjected to an initial
temperature distribution. At this time, it is convenient to
introduce the reduced dimensionless time variable

F= =19/l — 8 (31)

Assuming for simplicity, but without loss of generality, that
Ta—1 < 7% < 73, the heat conduction equation, and initial
and boundary conditions in dimensionless form are as follows:

2% b
S5 ez =05 ; 32
o "or =0 0<y<l F>0 (32)
20 .
oy =0 ¥y=0 >0 (331)
20 i
o~ % v=1 F>0 (33b)

]
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Fig. 3 Typical temperature history.
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§=1—=QF@c* + QFE"( — %

0<y<l 7=0 (330

The solution to this set of equations is similar to that in the
premelting regime, and, with F(r*) = F'*, is given by
L= QF* + QR — ) + $QF0 —
QF*g(l — y/)% 0 <y <g
0y,7) = - ~ - 34)
L — QF* + QF*(1 — y)* + 3QF*¢:%
<y <1

This solution satisfies Eqs. (33a-33¢) and the over-all heat
balance which, in a manner identical to that used during the
heating period, is obtained as

1 2 -
[lownay = [Jowma =1-3ar+ 63

A solution satisfying Eq. (30) in 0 < y < ¢» identically is ob-
tained when

g(7) = [67]Y2 (36)

What can be considered as a steady state condition is attained
when ¢, = 1, at which time (7 <=7¢,=1) the temperature is uni-
form throughout the plate. It iseasily seen that

Tp=1— (1;‘ (36‘&)
and, for 7 = %,

6(y7) =1 — 5Qr* (37)

Solutions for Melt Thickness and Penetration Depth

Equations necessary to solve for the melt thickness S(7),
and the penetration depth due to melting ¢.(r), are given in
Table 1 for all heating ranges. In each set of equations,
which are all nonlinear, is one first-order differential equation,
while the remaining, if any, are algebraic equations. To
eliminate the necessity for the solution of these equations
in rapid design caleulations, approximate, explicit expressions
for S(r) and F(r) are given, the latter being used to calculate
the melting rate S(r). Once these two equations are evalu-
ated at a given time, it is an easy matter to compute the
penetration depth, if one exists, at that time directly from
the equations.

If more accurate solutions are desired, it is necessary to
integrate numerically the equations in Table 1. This can
be done with little difficulty by approximating the only
derivative present S(r), by using the first central difference
of S(r), and employing a starting solution in the neighborhood
of 7 = 0 obtained from the tabulated equations.

S

NUMERICAL SCLUTION
0.8 ——— = APFROXIMATE, EXPLICIT SOLUTION
0<@<r)

Pl

Qp =05
0.6] ®

0.4

DIMENSIONLESS MELT THICKNESS,

¢] 0.2 0.4 0.6 0.8 (K¢
NORMALIZED TIME, /Ty

Fig. 4 Melt thickness—numerical and explicit solutions.
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Fig. 5 F(r)—numerical and explicit solutions.

Comparisons of results obtained by using the explicit ex-
pressions for S(r) and F(r), with those obtained by nu-
merically integrating the pertinent equations, are illustrated
in Figs. 4 and 5, respectively. The typical plots of S(r) vs
7 and F(r) vs 7 indicate that the approximate explicit results
are in good agreement with those evaluated numerically for
all melting times. Further numerical resulis supporting
these conclusions for other values of the parameters are
found in Ref. 18.

Stresses and Deformations

The calculation of stresses and deformations in a melting
plate is carried out on the basis of the material behaving as
a homogeneous, isotropic, elastic-perfectly plastic solid.
TIts elastic properties (# and v) are taken to be constant, the
thermal expansion is linear, and the uniaxial yield stress Y,
varies linearly with temperature in accordance with Eq. (1).
The yield eriterion used is that of von Mises, given in Eq. (2).

The development of the formulation for the mechanical
response of a thin, flat, elastic-plastic plate subjected to a
transient one-dimensional temperature field through the
thickness is presented in detail in Boley and Weiner.® The
resultant stress and strain fields are found to be isotropic and
uniform in the plane of the plate and vary only through the
thickness. This simplification is valid for a plate of arbi-
trary planform provided no mechanical loads act on the plate
(free plate). The validity is maintained, however, for a
mechanically loaded simply supported plate provided 1) the
plate is circular, 2) there is edge loading only (no surface
loading), and 3) the loading is axisymmetric. Though the
formulation was derived there® for a plate with nonmoving
boundaries, its extension to a melting plate is apparent.

The only nonzero stress components are the normal stresses
in the plane of the plate. In fact, since the stress field in
this plane is isotropic and uniform, there remains just one
independent unknown stress component to be calculated.
Denoting this component by o(z,t), the yield criterion of
Eq. (2) becomes

f=(*=Y%/3=0 (38)
and the general expression for the stress rate is
s(at) = glad) [E/(1— )] [t — al@n] +
(L~ g(x)]lgna) Y (T@H] (39)

In Eq. (39), e(z,) is the in-plane strain corresponding to
olz,t),sgno = 1if ¢ > 0,0or —1if ¢ < 0 (sgno thus specifies
whether a plastic region is in a tensile or compressive state),
and

glaf) = 1if f<0,orif f=0andf <0

. (40}
gzt) =0if f=0andf =0
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These three possible combinations of f and j represent,
respectively, an elastic state of stress, elastic unloading from
a previously plastic state of stress, and continuation of plastic
flow.

For typieal conditions of atmospheric re-entry, it is rea-
sonable to assume that thermal and mechanical loads build
up steadily in the same time period (loading) and then, after
the attainment of peak values, decrease simultaneously (un-
loading). For the purposes of the calculations in this paper,
it is hypothesized that thermal loading and mechanical load-
ing peak simultaneously. This is an idealization that
greatly facilitates the formulation and solution of the prob-
lem. Because of the steadily increasing thermal and me-
chanical loads, it is assumed that all plastic regions initiated
in the plate during the loading period undergo steady in-
creases in thickness until the time of peak loading. In the
present case, this time is the time at which the heat pulse is
removed, ¢ = t*. Thus, the calculation of the mechanical
response during loading (0 < ¢t < t¥) is considered separately
from that during unloading (¢ > {*).

Stresses and Deformations During Loading

Consider the plate to be unstressed and undeformed at
¢ = 0. Since there is no unloading in 0 < t < t*, Eq. (39)
may be integrated directly to give

o) = gle)[H/(1 — )]lelt) — aT(t)] +
[1 — gla)](sgna)Y [T(xt)] (41)
where
glat) = 1if a2 < Y2 glat) = 0if 62 =12 (42)

g(z,h) and e(z,t) are the two unknown functions whose solu-
tions yield the stresses and deformationsin 0 <& <t*. These
functions are evaluated by making use of the equations of
compatibility and the edge boundary conditions.

The two compatibility equations that are not satisfied
identically reduce to the same equation for e(z,t)

O%(2,t)/0x* = 0 (43)
This results in
e(z,t) = Fi(@t) + Fo(t)a (44)

The edge conditions are in the form:

f " e bde = N, f " @z — s)lds = M@ (45)
s(t) s{t)
where N{) and M () are the prescribed axisymmetric re-
sultant edge force and resultant edge moment, respectively,
with the latter taken about the melt surface z = s{f). Since
there are no variations of stress in the plane of the plate,
Eq. (45) 1s valid throughout the plate except, aceording to
Saint Venant’s principle, in the immediate vicinity of the
edge.

In addition to the dimensionless variables and parameters
of Eqs. (5) and (8), the following dimensionless notation is
convenient:

R R )
alT,,
Ty
(46)
B s .
Ci(r) = m[Fl(t) + Fa®)s®)];
E
Co(r) = mp2<t> [h — s@)]

J. SPACECRAFT

With Eqgs. (44) and (46), Eq. (41) becomes**
a(y,r) = gly,H—B80@y,7) + Ci(r) + Co(n)y] +
(1 — gy,m)](sgna) [1 — 6(y,m)] 47)
where
g=1ifg <1—06,g=0if 6 =1~—10 (48)

Ci(r) and Cu(r) are found by substituting Kq. (47) into each
of the boundary conditions (45) whieh, in dimensionless form,
are

[ sy = 3@, [ swoudy = T @)

where N (r) and 3 () are dimensionless edge loads defined by
N@) = NO/{Yolh — s®)1} = N/[Yoh(1 — 8)]

My = M@O)/1Yelh — s@®©12) = M/[Veh2(1 ~ 8)2)

The locations of the interfaces between the elastic and
plastic regions are found, and thus the function ¢(y,7) is
determined, by requiring continuity of stress at each of the
interfaces ;.  This results in equations of the following type:

—BOys) + Ci(n) + Cu(my: = £[1 — B(ys,7)] (51)

The simultaneous solution of Eqs. (49) yields the values of
() and C,.

The plate deformations are determined directly from the
in-plane strain e(z,t), which, in turn, is completely deter-
mined by Cy and Cy [see Eqs. (44) and (46)]. TFor a thin,
circular plate of radius B (see Fig. 1), the radial edge dis-
placement %, and the maximum transverse deflection w (at
the center of the plate), are given by

(50)

U = 'Uro(C1 —+ ng) (52)

where
u = [(1 — )AY/ENR/N);
wo = [(1 ~ Ao/ QE)R/)?  (54)

Before considering the numerical solution of a particular
problem, it is useful to see whether some general conclusions
about the nature of the mechanical response can be obtained.
For an edge-loaded plate, unfortunately, this is difficult to do
since the formation of the plastic regions is very strongly
dependent on the intensities, signs, and time variations of the
mechanieal loading terms N (r), and M (r), as well as on the
heat input and the material properties. For this reason, the
growth history of plastic regions in an edge-loaded plate is
examined only in an illustrative example. With regard to a
free plate, on the other hand, some general properties of the
stress history can be stated for the case in which the heat
input is a square pulse,

For a plate of arbitrary planform in which N = M = 0,
one, two, or three plastic regions may exist at a given time,
as follows:

1) Since the plate is initially (¢ = 0) stress free, the stress
distribution for short premelting times is elastic; it is also
symmetric about the midplane of the plate. Since the yield
stress at melting is zero, plastic flow must commence prior to
the time of initial melting (f = ¢,). The first plastic region is
initiated in compression at the heated surface y = 0, because
the temperature is a maximum and hence the yield stress a
minimum, at this surface. If the material parameter 8 is
such that B8 < 8.48 [corresponding to relatively high yield

** The formulas which follow are applicable to simply sup-
ported beams merely by letting 8 = aBT./Y,, C1 = E(F1 +
F38)/ Yo, and Cy = EFs(h — s)/Yo.
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stresses —see Eq. (46)], only one plastic region, adjacent to
the surface y = 0, exists throughout the loading period.

2) Tf 8 > 8.48, a second plastic region is initiated in com-
pression at the insulated surface y = 1. If 0 <@ < 1, this
region is initiated prior to the onset of melting while, for
Q > 1, this may occur either before or after t = fn. No
more than two plastic regions exist during the entire loading
period if 8 < 18.

3) A third plastic region is initiated in tension at some
internal surface only if 8 > 18. Again, this will oceur before,
or either before or after, the onset of melting, according to
whether 0 < § < 1 or @ > 1, respectively.

The present results can be used to study the use of thermo-
elastic stress analyses for plastic structures subject to high
thermal gradients. It has been stated that total deforma-
tions computed by including the effects of plastie flow differ
little from elastically computed deformations (see, for ex-
ample, Refs. 16 and 17). The accuracy of this statement for
the melting plate can be seen by referring to Fig. 6, in which
C\(r) and Cy(r), the two functions that completely determine
the deformation history, are plotted against time for typical
values of the thermal parameters @ = 0.25 and p = 2.25,
and for values of 8 = 5 and 10. Plots are presented for both
elastic-plastic and elastic solutions, for the case in which
loading continues until the entire plate is melted (ie., £, <
t¥). It is seen that the elastic solutions yield fairly good
upper bounds to the corresponding elastic-plastic solutions
during loading. The results of an illustrative problem to be
presented subsequently, lead to the same conclusion in both
the loading and unloading periods. On the basis of these
results, one may expect that a thermoelastic analysis will
vield a deformation history that is conservative for design
purposes, and not too greatly in error.

Stresses and Deformations During Unloading

It was shown previously that, upon removal of the heat
pulse at ¢ = t*, a decrease of temperature gradients results
until the temperature distribution through the plate becomes
uniform. This, in turn, gives rise to stress unloading which,
for an elastic-plastic plate, leads to the existence of residual
stresses and deformations.

A surface at any depth (defined by y), existing in a plastic
state of stress (f = 0) at ¢ = {* continues to respond in one of
two ways [see Eqs. (40)]:

1) Continuation of plastic flow in which the yield stress
varies with temperature. This occurs when f=o0

2) Elastic unloading taking place when f < 0. From
Eqgs. (38, 39, and 46), this may be shown to be equivalent to

(sgno)(— B8 + Oy + Coy) + 6 <0 (55)

It will now be demonstrated that the idealization of assum-
ing all surfaces in a plastic state of stress at ¢ = £* to be simul-
taneously unloaded elastically at this time, gives results
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Fig. 6 Deformation functions for melting plate.
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Fig. 7 Unloading of plastic regions.

which are in good agreement with those obtained using the
exact, rather complex analysis which includes elastic un-
loading and continuation of plastic flow. For each region
not simultaneously unloaded elastically, the latter analysis
gives rise to elastic unloading such that the thickness of the
plastic region decreases continuously until unloading is com-
plete (i.e., temperature distribution through the plate thick-
ness is uniform). This is henceforth referred to as continuous
elastic unloading.

Thus, two analyses—namely those of continuous and
simultaneous elastic unloading—are carried out here for a
free plate; again, for edge-loaded plates, only solutions of
specific problems will be practicable. For purposes of clarity
in interpreting results, but without loss of generality, the re-
moval of the heat pulse is taken to occur after the postmelting
transit time (i.e.,7* > 714=1). Thetemperature distributions
during unloading are therefore given by Eqs. (34), regardless
of the numerical values of @ and u. The results of the two
analyses follow.

Continuous elastic unloading

This analysis is carried out based on elastic unloading
occurring only at those surfaces where f = 0 and f<o.
Since elastic unloading of all previously plastic surfaces does
not occur at the same time, the calculation of stress distribu-
tions and deformations during the unloading period must be
executed using the general expression for stress rates of Eq.
(39), followed by step-by-step integration of the rates.
Hence, it is seen that the complexity of the solution arises
from the dependence on the past history of stresses and de-
formations. The solution is obtained by numerical means,'
and results in simultaneous elastic unloading in all plastic re~
gions at £ = t*, except in that region adjacent to the surface
y = 0. This holds regardless of the number of plastic re-
gions existing at this time; i.e., regardless of the value of 8.

The unloading process in the region adjacent to y = 0 is
shown in Fig. 7, for 8 = 5, 10, and 15. It is seen that in all
three cases, completion of elastic unloading in this region is
attained well before the time at which the temperature dis-
tribution becomes uniform. The significance of this ob-
servation will be discussed shortly.

Simultaneous elastic unloading

Simultaneous elastic unloading at ¢ = t*(7 = 0) implies
that changes in the stress distribution throughout the plate
during the entire unloading period are elastic, unless, of
course, reversal of stress is of sufficient magnitude to result
in the formation of new plastic regions. The equation for
stress during unloading, valid in any region in which plastic
flow has not occurred as a result of stress reversal (i.e., any
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region in which |5 < ¥ = 1 — 6), is then given by

[Ci(7) = CL(0)] + [Ca(7) — C2(0)]y  (56)

If yielding has occurred,
a(y,7) = (sgna)[l — 8(y,7)] (57)

The values of Ci(7) and Cy(7) are found by satisfying the
boundary conditions [Eqs. (49)]. The locations of the inter-
faces, if any, between the elastic and plastic regions are de-
termined by requiring the stress to be continuous throughout
the plate.

The outstanding advantage of the simultaneous elastic
unloading idealization is that the stress distribution at any
time during the unloading period may be found without
knowledge of the mechanical response at any previous time,
except, of course, at the time of initial unloading, 7 = 0.
This yields explicit expressions for stresses [Eqs. (56) and
(57)1, and thus avoids the need for using a complex numerical
scheme to obtain the solution.

The accuracy of this simplified approach may be judged
by referring to Fig. 8, in which residual stress distributions
for a typical value of 8(8 = 15) are plotted for both the con-
tinuous and simultaneous elastic unloading analyses, and
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can be seen to be in reasonable agreement with each other.
The physical reason for this is that, in the case of continuous
elastic unloading, all elastic unloading, though not occurring
simultaneously at 7 = 0, is accomplished within a relatively
short time after 7 = 0; beyond this time, unloading is elastic
in both cases unless new plastic regions are formed.

With respect to the nature of the residual stress distribu-
tion, it is found that, for the case of simultaneous elastic
unloading, this distribution is elastic if 0 < 8 < 4, or elastic~
plastic with one, two, or three plastic regions being formed
during unloading if 4 < 8 < 10.94, 10.94 < 8 < 11.28, or
B > 11.28, respectively. Sketches of typical stress distribu-
tions at the time of removal of the heat pulse 7 = 0, and at
the time of uniform temperature 7 = 7, (residual stress dis-
tributions), are presented in Fig. 9 for all ranges of 8. Yield
stress distributions, which bound the stress distributions, are
given by dashed lines.

Illustrative Example

For illustrative purposes, the material properties, thick-
ness, and heating history of the steel plate used in Ref. 12
are employed. The plate is subjected to thermal loading as
would result from atmospheric re-entry, in which the total
heat input is 2244 cal/em? and the total thickness of
melted material is three-tenths that of the original plate
thickness.

It is therefore desired to find a heat pulse such that the
total heat input and the amount of melted material are the
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Fig. 11 Growth of plastic regions in edge-loaded plate.
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same as those encountered in Ref. 12; i.e.,
i3
fo Q()dt = 2244 cal/cm?

and s(t*)/h = S(r*) = 0.3. The heat pulse satisfying these
criteria is defined by Qo = 131 cal/cm?/sec and ¢* = 17.2
sec [see BEq. (4)]. The material properties of the plate give
uw = 22.5and 8 = 15 for the dimensionless material param-
eters, and § = 0.87 for the dimensionless heat input [sec
Eqgs. (8) and (46)].

Typical results are presented deseribing the stress and de-
formation history of a free plate, and the growth of plastic
regions in an edge-loaded plate.

For the free plate, it is seen from Fig. 9 that, since 8 =
15, two plastic regions are formed during loading and three
plastic regions exist in the residual stress distribution. The
deformation history is such that for a circular plate of radius
R = 40 c¢m, the average residual edge expunsion and maxi-
mum residual deflection (at the eenter of the plate) are 0.426
¢m and —0.533 ¢m, respectively. If the plate were perfectly
elastic, these values would be 0.434 ¢m and zero, respec-
tively; the former is due solely to thermal expansion and the
latter to the absence of thermal beading in a uniformly
heated, elastic plate.

A plot of center deflection against time is presented in Fig.
10 for both an elastic-perfectly plastic and a perfectly elastic
plate. It isseen that, in both cases, the maximum deflection
is attained before the onset of melting. The elastic solution
is also seen to give an upper bound to the elastic-plastic solu-
tion throughout the entire process (loading and unloading).

For a plate subjected to the constant dimensionless edge
loads N = —0.35 and M = —0.22, the growth of the two
compressive plastic regions is shown in Fig. 11. It is scen
that at ¢ = 15.2 sec (r = 0.20), the entire plate is in a plastic
state of stress, which indicates plastic collapse—a phenome-
non that cannot occur in a plate free of edge loads but which
is of obvious importance in the mechanical design of a melting
plate.
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